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DISTRIBUTION OF HOLONOMY ABOUT CLOSED
GEODESICS IN A PRODUCT OF HYPERBOLIC
PLANES
DUBI KELMER
Abstract. Let M = Γ\H(n), where H(n) is a product of n + 1
hyperbolic planes and Γ ⊂ PSL(2,R)n+1 is an irreducible cocom-
pact lattice. We consider closed geodesics on M that propagate
locally only in one factor. We show that, as the length tends to in-
finity, the holonomy rotations attached to these geodesics become
equidistributed in PSO(2)n with respect to a certain measure. For
the special case of lattices derived from quaternion algebras, we can
give another interpretation of the holonomy angles under which
this measure arises naturally.
Introduction
In the spirit of the analogy between prime numbers and primitive
closed geodesics, Parry and Pollicott proved an analog to the Cheb-
otarev Equidistribution Theorem for the equidistribution of holonomy
classes about closed geodesics. By parallel transporting vectors along
geodesics, each closed geodesic C on an orientable d dimensional man-
ifold M gives rise to a conjugacy class HC in SO(d − 1), called the
holonomy class attached to C. In [13], Parry and Pollicott showed
that on a manifold, for which the geodesic flow on the frame bundle is
topologically mixing, the holonomy classes become equidistributed in
SO(d− 1) with respect to Haar measure as the length of the geodesics
tends to infinity. In particular, this is true for manifolds with con-
stant negative curvature, that is, the rank one locally symmetric spaces
M = Γ\SO0(d, 1)/SO(d).
In [15], Sarnak and Wakayama obtained similar results for all other
rank one locally symmetric spaces, that is, spaces of the form M =
Γ\G/K with G denoting a real semi-simple group of real rank 1,K ⊆ G
a maximal compact subgroup, and Γ a lattice in G. In this setting, the
frame flow is not ergodic and the holonomy classes lie in a smaller
subgroup K0 ⊂ K ⊂ SO(d). They showed that as the length of the
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geodesics tends to infinity, the holonomy classes become equidistributed
in K0 with respect to Haar measure.
In this paper we study a similar question for the higher rank group
G = PSL(2,R)n+1. That is, we address the equidistribution of ho-
lonomy classes of closed geodesics on the manifold M = Γ\G/K =
Γ\H(n), where H(n) = H0 ×H1 × · · · ×Hn is a product of n+ 1 hyper-
bolic planes, K = PSO(2)n+1, and Γ ⊂ PSL(2,R)n+1 is an irreducible
cocompact lattice. The geodesic flow is not ergodic on the unit tan-
gent bundle T 1M as each of the functions Ej(z, ξ) = 〈ξj, ξj〉zj remain
constant under the flow (here, 〈·, ·〉zj denotes the inner product on the
tangent space TzjH). For each fixed level E ∈ [0,∞)n+1 the geodesic
flow on the corresponding energy shell
Σ(E) = {(z, ξ) ∈ TM|Ej(z, ξ) = Ej} ⊂ TM,
is ergodic and we consider the closed geodesics on each one of these
shells separately.
In this setting, the holonomy attached to a closed curve on M lies
in K = PSO(2)n+1. Since this group is commutative, the holonomy
does not depend on the base point and each holonomy class is given by
n+ 1 rotations. Moreover, since parallel transporting along a geodesic
maps the tangent vector to itself, the holonomy is trivial in any factor
where Ej 6= 0. Hence, the holonomy of closed geodesics on Σ(E) lie in
the smaller group
∏
Ej=0
PSO(2) ⊂ K.
We will concentrate on the specific shell Σ0 = Σ(1, 0, . . . , 0), for
which the holonomy groupK0 = PSO(2)
n is as big as possible. For each
closed geodesic C on Σ0 we attach the holonomy angle θC ∈ (−π, π)n
that gives the angle of rotation in each of the nontrivial factors. We
are thus interested in the distribution of these angles as the length of
the closed geodesics tends to infinity.
Before stating our results we need to introduce some notations (see
section 2 for more details). Let L2(Γ\G) denote the space of functions
on G satisfying that f(γg) = f(g) for γ ∈ Γ and that ∫
Γ\G |f(g)|2dg <
∞. The algebra of invariant differential operators of G is of rank
n + 1 and is generated by n + 1 differential operators denoted by
Ω0, . . . ,Ωn, each acting on the corresponding factor. For any m ∈ Zn+1
let χm denote the characters of K given by χm(kθ) = e
im·θ. We
denote by L2(Γ\G,m) ⊂ L2(Γ\G) the space of functions satisfying
ψ(gk) = ψ(g)χm(k). For any m = (0, m1, . . . , mn) ∈ Zn+1 with all
mj 6= 0 we define the subspace Vm = Vm(Γ\G) ⊆ L2(Γ\G,m) by
(0.1) Vm =
{
ψ ∈ L2(Γ\G,m)|∀j ≥ 1, Ωjψ + |mj |(1− |mj |)ψ = 0
}
.
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Let {ψ(m)k } be an orthonormal basis for Vm(Γ\G) composed of eigen-
functions of Ω0 with eigenvalues
0 < λ
(m)
0 ≤ λ(m)1 ≤ . . .
We use the parameter αm = Im(
√
λ
(m)
0 − 14) ∈ [0, 12) to measure the
spectral gap for Vm and let α = supm αm. The results of Kelmer and
Sarnak [7] imply that αm < 0.34 for all but finitely many values of m;
in particular we have that α < 1
2
.
Counting closed geodesics. We can now estimate the number of
closed geodesics on Σ0 with bounded length. For any x > 0 let π(x)
denote the number of closed geodesics on Σ0 with length lC ≤ x; let
πp(x) denote the number of such primitive closed geodesics.
Theorem 1. As x→∞,
πp(x) = 2
nLi(ex) +O(
e3x/4
x
) +O(
e(α1+1/2)x
x
),
where α1 = max{αm|m ∈ {±1}n}. The same result holds for π(x)
instead of πp(x).
Remark 0.1. If α1 ≤ 14 we only have the first error term. In particular,
after Selberg [16], this is known when Γ is a congruence group. (In
fact, in this case the result of Kim and Shahidi [8] imply α ≤ 1
9
.)
Moreover, the congruence subgroup conjecture implies that all lattices
Γ in PSL(2,R)n+1 are congruence groups, so we expect the error term
to be uniformly bounded by O(e3x/4). Unconditionally, if λ
(1)
1 , . . . , λ
(1)
q
are all eigenvalues in (0, 3
16
), the formula can be corrected to read
πp(x) = 2
nLi(ex) + (−1)n
q∑
k=1
Li(e(ck+1/2)x) +O(
e3x/4
x
),
with ck = Im(
√
λ
(1)
k − 14).
Remark 0.2. In [1], Deitmar proved an analogue to the prime geodesic
theorem for higher rank spaces for singular geodesics. The main term
in the asymptotics of πp(x) can also be obtained by applying his results
to this setting.
Distribution of holonomy about closed geodesics. After estab-
lishing the growth rate of πp(x) we study the distribution of the holo-
nomy angles. We find that the results here are very different from the
rank one case described above. In this case, the holonomy angles are
not equidistributed in K0 with respect to the Haar measure, but rather
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behave as if they were representing conjugacy classes in PSU(2)n. Re-
call that [−π, π]n parameterizes the conjugacy classes in PSU(2)n and
let µ denote the measure on [−π, π]n obtained via this parametrization
from Haar measure on PSU(2)n, that is,
(0.2) dµ(θ) =
n∏
j=1
sin2(
θj
2
)
dθj
π
.
Theorem 2. For any smooth function f ∈ C∞((R/2πZ)n)
1
πp(x)
∑
lC≤x
primitive
f(θC) = µ(f) +O(e
−x/4) +O(e(α−1/2)x).
Since we can approximate the indicator function by smooth functions
this implies that for any A ⊂ [−π, π]n with µ(∂A) = 0 we have
lim
x→∞
πp(x;A)
πp(x)
= µ(A),
where πp(x;A) = #{C primitive|lC ≤ x and θC ∈ A}.
Remark 0.3. The implied constant for the error term in Theorem 2
can be given explicitly in terms of the Fourier coefficients of the test
function f . In particular, when the set A ⊂ [−π, π]n is sufficiently nice
(for example any rectangle) it is possible to give exponential bounds
for the error term also for a sharp cutoff (see Corollary 3.1).
Invariance of holonomy angles under sign changes. The measure
µ defined in (0.2) is invariant under the change of variable θ 7→ σθ for
any σ ∈ {±1}n, where we denote σθ = (σ1θ1, . . . , σnθn). In particular,
given any set A ⊂ [−π, π] (with µ(∂A) = 0) we have that πp(x;A) is
asymptotically the same as πp(x, σA). We wish study the question of
whether we can have an exact equality.
Definition 0.1. The holonomy angles are said to be invariant under
the sign change σ ∈ {±1}n if for any angle θ ∈ [−π, π]n, the number
of primitive closed geodesics C with θC = θ is equal to the number of
primitive closed geodesics C ′ with θC′ = σθ.
Remark 0.4. We note that if C is a closed geodesic with length lC and
holonomy angle θC , then for any other closed geodesic, lC′ = lC if and
only if θC′ ∈ {σθC |σ ∈ {±1}n} (see Remark 1.1). In particular, if the
holonomy angles are invariant under all sign changes, then the number
of closed geodesics with a fixed length is divisible by 2n.
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From a dynamical point of view it is not clear why this invariance
should hold. To further illustrate how remarkable this invariance is we
relate it to a question of Selberg [17], which is, whether the spectrum
of the space Vm(Γ\G), defined in (0.1), changes when we change the
sign of the mj ’s.
Theorem 3. The holonomy angles are invariant under a sign change
of σ ∈ {±1}n, if and only if there is a spectral correspondence between
Vm(Γ\G) and Vσm(Γ\G) for all weights m. That is, there is a linear
isomorphism Θσ : Vm(Γ\G)→ Vσm(Γ\G) that commutes with Ω0.
For any geodesic C denote by C−1 its time reversal. We note that
θC−1 = −θC , which implies that the primitive closed geodesics are
invariant under σ = (−1, . . . ,−1). Correspondingly, we have that
complex conjugation sends Vm to V−m and commutes with Ω0. For
other signs σ ∈ {±1}n it is not clear how to construct such a map
and, as mentioned by Selberg in his lecture notes [17], whether such
a correspondence even exists. It is thus interesting to find examples
of lattices for which we can prove this correspondence. The following
theorem gives many such examples.
Theorem 4. Let K be a number field satisfying that its class number
hK equals its narrow class number h
+
K . Assume that Γ is a lattice
derived from a maximal order in a quaternion algebra defined over K,
or a principal congruence group in such a lattice. Then, the holonomy
angles are invariant under all sign changes.
We recall that, by Margulis’s Arithmeticity Theorem, any irreducible
lattice in PSL(2,R)n+1 is commensurable to a lattice derived form a
maximal order in some quaternion algebra, and that this algebra is
defined over the trace field of Γ (that is, the field generated by traces
of elements in Γ); see [11]. We thus formulate the following conjecture:
Conjecture 5. For a lattice Γ with trace field K satisfying that hK =
h+K the holonomy angles are invariant under all sign changes.
We note that there are number fields satisfying that hK = h
+
K so that
this condition is not empty. For example, let Kq denote the maximal
real subfield of the cyclothymic field Q(e
2πi
q ), then hKq = h
+
Kq
whenever
q = 2a is a dyadic power (cf. [9, Remark 3.4]). Also, when q is a prime
number such that q−1
2
is also prime, Taussky’s conjecture implies that
hKq = h
+
Kq
(see [9] for some generalizations and results towards this
conjecture). On the other hand, Garbanati [3] showed that if q is not
a prime power, then hKq 6= h+Kq so there are also many examples of
number fields where this condition does not hold.
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An interpretation for the holonomy angles. We give another in-
terpretation for the holonomy angles which explains their limiting dis-
tribution. Assume that the lattice Γ ⊂ PSL(2,R)n+1 is derived from a
maximal order in a quaternion algebra. When n is even we can find a
corresponding lattice Γ˜ ⊂ PSL(2,R) derived from a maximal order in
a different quaternion algebra that is ramified in the same finite places
and unramified in one infinite place. We then have a correspondence
between closed geodesics on M˜ = Γ˜\H and closed geodesics on Σ0.
Moreover, the lattice Γ˜ comes equipped with a natural homomorphism
ρ : Γ˜→ PSU(2)n which enables us to attach to each closed geodesic C
on M˜ a conjugacy class {uC} in PSU(2)n (see section 5.3 for details).
We then have the following correspondence:
Theorem 6. For each closed geodesic on Σ0 there is a closed geodesic
on T 1M˜ with the same length. On the other hand, for each closed
geodesic C in T 1M˜ with a corresponding conjugacy class {uC} there
are 2n corresponding closed geodesics {Ci}2ni=1 in Σ0 with the same length
lC = lCi and holonomy angles satisfying |2 cos(θCi/2)| = |tr(uC)|.
With this correspondence, Theorem 2 is equivalent to the equidistri-
bution of the conjugacy classes {uC} as the lengths lC →∞. We note
that the equidistribution of these conjugacy classes can be proved (in
a more general setting) via a different method using the Selberg trace
formula on the space of vector valued functions on Γ˜\H.
Remark 0.5. Theorem 6 implies in particular that the number of prim-
itive closed geodesics with a fixed length (and holonomy angle θC ∈
{σθ : σ ∈ {±1}n}) is divisible by 2n. Note that for this theorem we
do not assume that hK = h
+
K . This suggests that the geodesics could
be invariant under all sign changes even without this condition on the
trace field.
Outline of paper. For the readers convenience we include a short
outline of the paper. In section 1, we recall the essential background
for the geodesic flow on M = Γ\H(n) and the relation between closed
geodesics, holonomy, and conjugacy classes. In section 2 we recall the
spectral theory on Γ\G and in particular the Selberg trace formula. In
section 3, we use the trace formula to prove Theorems 1 and 2. The
trace formula is also used in section 4 to prove Theorem 3. In section 5,
we recall some results on lattices derived from quaternion algebras and
prove Theorems 4 and 6. In section 6, we give some additional applica-
tions. In particular, we prove a special case of the Jacquet-Langlands
correspondence and we obtain some results about the distribution of
fundamental units corresponding to certain quadratic orders.
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1. Background
1.1. The hyperbolic plane. Let H = {x+ iy|y > 0} denote the up-
per half plane. For z = x + iy ∈ H we identify TzH ∼= C; with
this identification the Riemannian metric is given by the inner prod-
uct 〈ξ, η〉z = ℜ(ξη¯)y2 on TzH. There is a natural action of PSL(2,R) =
SL(2,R)/ ± I on H by isometries. That is z 7→ g(z) = az+b
cz+d
, with the
induced map on the tangent space given by
(z, ξ) 7→ (g(z), g′(z)ξ),
where g′(z) = 1
(cz+d)2
denotes the differential of g. After fixing the point
(i, i) ∈ T 1H we can identify the unit tangent bundle with PSL(2,R)
via the action g 7→ (g(i), g′(i)i). For any x, t ∈ R and θ ∈ [−π, π] let
nx =
(
1 x
0 1
)
, at =
(
et/2 0
0 e−t/2
)
, kθ =
(
cos( θ
2
) sin( θ
2
)
− sin( θ
2
) cos( θ
2
)
)
.
For any g ∈ PSL(2,R) there is a unique decomposition g = pzkθ with
pz =
(√
y x/
√
y
0 1/
√
y
)
= nxaln(y). In these coordinates the identification
of PSL(2,R) with T 1H is given by pzkθ(i, i) = (z, e
iθ).
1.2. Products of hyperbolic planes. Let H(n) = H0 × · · · × Hn
denote a product of n + 1 hyperbolic planes endowed with the prod-
uct metric. That is for z = (z0, . . . , zn) ∈ H(n) the inner product on
TzH(n) ∼= Cn+1 is given by
〈ξ, η〉z =
n∑
j=0
〈ξj, ηj〉zj =
n∑
j=0
ℜ(ξj η¯j)
y2j
.
There is a natural isometric action of G = PSL(2,R)n+1 on TH(n)
given by the PSL(2,R) action on each factor. Each of the functions
Ej(z, ξ) =
√〈ξj, ξj〉zj is invariant under the action of G (and hence
this action is not transitive on T 1H(n)). For any E = (E0, . . . , En) ∈
[0,∞)n+1 let
TEH(n) = {(z, ξ) ∈ TH(n)|Ej(z, ξ) = Ej} ⊂ TM.
The group G acts transitively on TEH(n) with the stabilizer of (i,Ei)
being
∏
Ej=0
Kj ; this give an identification of TEH(n) with the quotient
G/
∏
Ej=0
Kj .
For any (z, ξ) ∈ TH(n) there is a unique geodesic C : R → H(n)
such that C(0) = z, C ′(0) = ξ. The geodesic flow φt : TH(n) → TH(n)
8 DUBI KELMER
sends a point (z, ξ) to the point obtained by flowing for time t along this
geodesic. The spaces TEH(n) remain invariant under this flow. After
identifying TEH(n) with G/
∏
Ej=0
Kj the geodesic flow φ
t is given by
the right action of aEt = (aE0t, . . . aEnt), that is, if (z, ξ) = g(i,Ei),
then φt(z, ξ) = gaEt(i,Ei).
1.3. Quotients. Consider a quotient M = Γ\H(n) with Γ an irre-
ducible co-compact lattice in G = PSL(2,R)n+1, that is, Γ is a discrete
subgroup such that the projection to any factor of G is dense and that
the quotient Γ\G is compact. The geodesic flow on M = Γ\H(n) is
given by the projection of the geodesic flow on TH(n) toM. The energy
shells
Σ(E) = {(x, ξ) ∈ TM|Ej(ξ) = Ej}
are invariant under the geodesic flow and the identification of TEH(n)
withG/
∏
Ej=0
Kj descends to an identification Σ(E) ∼= Γ\G/
∏
Ej=0
Kj .
From here on we fix E0 = (1, 0, . . . , 0) and let Σ0 = Σ(E0). We denote
by K0 =
∏n
j=1Kj and identify Σ0
∼= Γ\G/K0.
1.4. Holonomy of closed geodesics on Σ0. Let M = Γ\H(n) be
as above and Σ0 ⊂ T 1M denote the energy shell corresponding to
E0 = (1, 0, . . . , 0). A closed geodesic of length l on M is given by an
initial condition (z, ξ) ∈ T 1M such that φl(z, ξ) = γ(z, ξ) for some
γ ∈ Γ. The geodesic is called primitive if l is the smallest time where
this holds. The geodesic lies in Σ0 if the initial condition satisfies
Ej(z, ξ) = 0 ∀j ≥ 1 (that is, if ξ = (ξ0, 0, . . . , 0)).
Given any closed curve C with initial condition (z, ξ) ∈ TM, parallel
transporting tangent vectors about this curve gives the holonomy map
HC : TzM → TzM. Under the identification TzM ∼= Cn+1 the holo-
nomy map is given by HC(ξ1, . . . , ξn) = (ξ0e
iθ0 , . . . , ξne
iθn). Changing
the base point of the curve will give a conjugate element, and since
the holonomy group is commutative HC does not depend on the base
point. Thus, for any closed curve C we attach an angle θC ∈ [−π, π]n+1
corresponding to the rotations of the holonomy map. Parallel trans-
porting along a geodesic leaves the tangent to the geodesic invariant,
hence, there could be no nontrivial rotations in factors where the tan-
gent vector is nonzero. Consequently, the holonomy map attached to
a closed geodesic in Σ0 satisfies θ0 = 0 and we let θC ∈ [−π, π]n be the
angles corresponding to the last n factors.
We have the following correspondence between closed geodesics in
Σ0 and hyperbolic-elliptic conjugacy classes in Γ, that is, conjugacy
classes of elements that are hyperbolic in the first factor and elliptic
in the last n factors. With the identification Σ0 ∼= G/K0, a closed
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geodesic of length l is given by an initial condition g(i,E0i) ∈ T 1M,
with g ∈ G satisfying that
gaE0l = γg (mod K0)
for some γ ∈ Γ. That is, in the last n factors we have g−1j γjgj =
kθγ,j ∈ Kj and in the first factor we have g−10 γ0g0 = alγ . If we change
the initial condition g to an equivalent one τg for some τ ∈ Γ the
resulting lattice element will be τ−1γτ . Hence, for any closed geodesic
there is a corresponding hyperbolic-elliptic conjugacy class. For the
other direction, given any hyperbolic-elliptic γ ∈ Γ let g ∈ G such
that g−1γg = (alγ , kθγ,1 , . . . , kθγ,n). Then gaE0l = γg (mod K0), so that
the initial condition g(i,E0i) ∈ T 1M gives rise to a closed geodesic of
length lγ . The choice of such an element is not unique, however, if g˜ ∈ G
is another element satisfying this, then g˜ = g(at, k0) with k0 ∈ K0, so
that g˜ gives rise to the same closed geodesic (with a different starting
point). Under this correspondence, a closed geodesic C with length
lC and holonomy angle θC corresponds to a conjugacy class {γ} with
θγ,j = θC,j and lγ = lC .
Remark 1.1. Note that tr(γj) = 2 cos(θγ,j/2) so that the trace in each
factor is determined by the holonomy angle, and the holonomy angle
is determined up to a sign by the trace. Moreover, we recall that
Γ is commensurable to a lattice derived from a quaternion algebra
defined over some totally real number field. Hence, the traces tr(γj) for
j = 0, . . . , n are all different embeddings of the same field element into
R. Consequently, the length of the geodesic determines the holonomy
angle up to a sign and the holonomy angle determine the length of the
geodesic.
2. Trace formula
The main ingredient in the proof of Theorems 1 and 2 is the Selberg
Trace Formula. In particular, we use a hybrid version of it introduced
by Selberg in [17]. We now recall some background on the spectral
theory of PSL(2,R)n+1 and outline the derivation of the hybrid trace
formula.
2.1. Spectral decomposition. Let G = PSL(2,R)n+1 and Γ ⊂ G an
irreducible co-compact lattice. Let ρ : Γ → U(N) be an irreducible
unitary representation of Γ. Let L2(Γ\G, ρ) denote the space of vector
valued functions on G satisfying that f(γg) = ρ(γ)f(g) for γ ∈ Γ
and that
∫
Γ\G |f(g)|2dg < ∞. For any m ∈ Zn+1 let χm denote the
characters ofK given by χm(kθ) = e
im·θ. The groupK acts on L2(Γ\G)
10 DUBI KELMER
(by right multiplication) and induces a decomposition into the different
K-types
L2(Γ\G, ρ) =
⊕
m∈Zn+1
L2(Γ\G, ρ,m),
where ψ ∈ L2(Γ\G, ρ,m) is of K-type m if ψ(gk) = ψ(g)χm(k).
The algebra of invariant differential operators of G is of rank n + 1
and is generated by operators Ω0, . . . ,Ωn given in the z, θ coordinates
by
Ωj = y
2
j (
∂2
∂x2j
+
∂2
∂y2j
)− 2yj ∂
∂θj
∂
∂xj
(cf. [10, Chapter X §2]). These operators act on L2(Γ\G, ρ,m) and we
can further decompose it to a direct sum of joint eigenspaces
L2(Γ\G, ρ,m) =
⊕
λ∈Λ(m)
C(m, λ),
where Λ(m) ⊂ Rn is the set of joint eigenvalues and C(m, λ) the joint
eigenspace corresponding to λ = (λ0, . . . , λn). We denote the dimension
of the joint eigenspaces by d(m, λ) = dimC(m, λ).
The operators
E±j = ±2iyje±iθj (
∂
∂xj
∓ i ∂
∂yj
)∓ 2ie±iθj ∂
∂θj
,
commute with Ωj and act as raising and lowering operators between
the different K-types. Moreover, on the space C(m, λ) the operator
E±j E
∓
j acts by multiplication by 4(±mj(1∓mj))− λj), so that
E∓j : C(m, λ)→ C(m∓ ej , λ)
is a bijection if λj 6= ±mj(1 ∓ mj) and vanishes otherwise (see [10,
Chapter VI §4,5]). We thus get the following characterization of the
possible eigenvalues in Λ(m):
Proposition 2.1. For λ ∈ Λ(0) either λ = 0 or λ ∈ (0,∞)n+1. If
m 6= 0, then any λ ∈ Λ(m) satisfies that
λj ∈ (0,∞) ∪ {k(1− k)|k ∈ N, k ≤ |mj |}.
Proof. Let λ ∈ Λ(m) and let ψ ∈ C(m, λ) denote the corresponding
joint eigenfunction. We first show that if mj = 0, then λj ∈ (0,∞).
For mj = 0 the operator Ωj reduces to the hyperbolic Laplacian
△j = y2j (
∂2
∂x2j
+
∂2
∂y2j
),
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and the corresponding eigenvalue satisfies λj ∈ [0,∞). Moreover, if
λj = 0, then ψ(z0, . . . , zn) does not depend on zj and since Γ is irre-
ducible this implies that ψ must be the constant function, which can
only occur if m = 0 (and ρ is the trivial representation).
Next if mj > 0 (respectively mj < 0), if λj 6= k(1 − k) with k ≤
|mj|, then (E−)mjψ (respectively (E+)|mj |ψ) is in C(λ,m−mjej). The
argument for mj = 0 now implies that λj ∈ (0,∞). 
2.2. Trace formula for L2(Γ\G, ρ,m). We recall the trace formula
for L2(Γ\G, ρ,m) for a weight m ∈ Zn+1 and representation ρ. For
m = 0 and trivial ρ the derivation of the trace formula is given in
[2, Chapter I]. For n = 0 and arbitrary m and ρ it is described in [4,
Chapter 4]. For n ≥ 1 and arbitrary m (when Γ is co-compact) the
trace formula takes the following form:
Let hj , j = 0, . . . , n be analytic functions with Fourier transforms hˆj
compactly supported. Then
∑
λk∈Λ(m)
d(m, λk)
(∏
j
h(rk,j)
)
=
dim(ρ)vol(FΓ)
∏
j
(
−1
4π
∫ ∞
−∞
hˆ′j(u)
sinh(u/2)
e−mjudu
)
+
∑
{γ}
χρ(γ)vol(Γγ\Gγ)

 ∏
γj∼alj
hˆj(lj)
2 sinh(lj/2)



 ∏
γj∼kθj
h˜j(θj , mj)
sin(θj/2)


where FΓ is a fundamental domain for Γ\H(n), χρ(γ) = tr(ρ(γ)) is the
character of ρ, and
(2.1) h˜j(θj , mj) =
i
4
∫ ∞
−∞
hˆj(u)e
(mj− 12 )(u+iθj)
[
eu − eiθj
cosh(u)− cos(θ)
]
du.
The derivation is a direct application of the arguments in [2, 4, 5]. In
particular for the explicit form of the h˜j(θj, mj) we refer to [5, equa-
tion 6.30 on p. 394] and for the integral corresponding to the trivial
conjugacy class see [5, page 396].
2.3. Hybrid trace formula. For any m1, . . . , mn ∈ Z \ {0} we let
m = (0, m1, . . . , mn) ∈ Zn+1 and define Vm = Vm(Γ\G, ρ,m) by
(2.2) Vm = {ψ ∈ L2(Γ\G, ρ,m)|∀j ≥ 1, Ωjψ + |mj|(1− |mj |)ψ = 0}.
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Let {ψ(m)k } be an orthonormal basis for Vm composed of eigenfunctions
of Ω0 with eigenvalues
0 < λ
(m)
0 ≤ λ(m)1 ≤ . . . ,
we use the usual parameterizations of the eigenvalues λ
(m)
k =
1
4
+rk(m)
2.
We note that the eigenfunctions ψ
(m)
k are hybrid forms that behave like
Maass forms in the first factor and like modular forms of weight mj on
the j’th factor. We thus call the trace formula for these forms a hybrid
trace formula.
For m = (0, m1, . . . , mn) as above, let
(2.3) |m|∗ =
n∏
j=1
(2|mj| − 1),
and define the function Hm : (−π, π)n → C by
(2.4) Hm(θ) =
n∏
j=1
eimjθj
(1− eisgn(mj)θj ) ,
where sgn(mj) =
mj
|mj | .
Recall that an element γ = (γ0, . . . , γn) ∈ Γ is called hyperbolic-
elliptic if |tr(γ0)| > 2 and |tr(γj)| < 2 for j ≥ 1 and elliptic if |tr(γj)| <
2 for all j. We note that an elliptic element γ is always of finite order
and we denote by Mγ its order. There could be at most finitely many
elliptic conjugacy classes.
Theorem 7. For any meromorphic function h(r) with hˆ compactly
supported∑
k
h(rk(m)) + (−1)nδρ,1δm,sgn(m)h(i/2) =
=
dim(ρ)|m|∗vol(FΓ)
(4π)n+1
∫ ∞
−∞
h(r)r tanh(πr)dr
+
∑
{γ}
′ χρ(γ)lγp hˆ(lγ)
2 sinh(lγ/2)
Hm(θγ) +
∑
{γ}
′′ χρ(γ)h˜(θγ0 , 0)
Mγp sin(θγ0/2)
Hm(θγ)
where
∑′ is a sum over hyperbolic-elliptic conjugacy classes, ∑′′ is
a finite sum over the elliptic conjugacy classes, and γp denotes the
primitive element corresponding to γ.
Remark 2.1. The sum over the hyperbolic-elliptic conjugacy class can
be interpreted as a sum over all closed geodesics in Σ0 where lγ = lC
is the length of the geodesic, lγp = lC0 is the length of the primitive
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geodesic underlying C, and θγ = θC are the holonomy angles attached
to C.
The function Hm(θ) appearing in the trace formula diverge as θj
approaches zero. However, after summing over all possible signs of m,
the function
Fm(θ) = (−1)n
∑
σ∈{±1}n
Hσm(θ) =
n∏
j=1
sin((m− 1
2
)θj)
sin(θj/2)
,
is uniformly bounded and satisfies |Fm(θ)| ≤ |m|∗. Hence, it is conve-
nient to add the corresponding trace formulas for all signs.
Theorem 7’ Let m = (0, m1, . . . , mn) with all mj ∈ N, with the same
notations as Theorem 7∑
σ∈{±1}n
∑
k
h(rk(σm)) + δρ,1δm,1(−2)nh(i/2) =
2n
dim(ρ)|m|∗vol(Γ\G)
(4π)n+1
∫
R
h(r)r tanh(πr)dr +
+(−1)n
∑
{γ}
′χρ(γ)lγp hˆ(lγ)
2 sinh(lγ/2)
Fm(θγ) + (−1)n
∑
{γ}
′′ χρ(γ)h˜(θγ0 , 0)
Mγp sin(θγ0/2)
Fm(θγ)
Remark 2.2. In the case where the quotient Γ\G is not compact a
similar formula should still hold. In order to derive the hybrid formula
in the noncompact case it is possible to follow the same argument as
below. However, to do this one needs to compute the contribution of the
continuous spectrum and the parabolic elements to the trace formula
on L2(Γ\G,m). We leave this computation to a separate paper [6].
2.4. Derivation of the Hybrid trace formula. The hybrid trace
formula was presented in Selberg’s lecture notes [17]. As its derivation
does not seem to be written up anywhere in the literature we will
include a proof here. To simplify notation, we will write down the proof
for the case where the representation ρ of Γ is the trivial representation,
the modification needed for arbitrary ρ are straightforward.
As described in [17], this formula can be derived by taking the trace
of the following kernel
B(z, w) = f
( |z0 − w0|2
Im(z0)Im(w0)
) n∏
j=1
(Im(zj)Im(wj))
mj
(zj − w¯j)2mj ,
with f a smooth compactly supported function such that h is its Selberg
transform. However, if |mj | = 1 for some j, then this kernel is not in
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L1(H(n) ×H(n)) which introduces some difficulties with this approach.
We will thus take a different approach by way of comparing the trace
formulas on L2(Γ\G,m) for different K types m.
For m ∈ Zn+1 let sgn(m) ∈ {0, 1,−1}n+1 where
sgn(mj) =
{ mj
|mj | mj 6= 0
0 mj = 0
.
Recall that Λ(m) ⊂ Rn+1 denotes the set of joint eigenvalues on L2(Γ\G,m),
that C(m, λ) ⊂ L2(Γ\G,m) is the corresponding eigenspace and d(m, λ) =
dim C(m, λ) is its dimension. For any set of indices J ⊂ {0, . . . , n} let
Λ(m, J) = {λ ∈ Λ(m)|λj = |mj |(1− |mj |), ∀j ∈ J} .
In particular, for J = {1, . . . , n} the eigenvalues in Λ(m, J) counted
with multiplicity are given by {1
4
+ rk(m)
2}∞k=0.
Lemma 2.2. Let m ∈ Zn+1 and let σ = sgn(m) ∈ {0, 1,−1}n+1. Let
Jm ⊂ {0, . . . , n} denote the set of indices where mj 6= 0. For any subset
J ⊂ Jm and any j ∈ J with m− σjej 6= 0 we have a disjoint union
Λ(m− σjej , J \ {j}) ∪ Λ(m, J) = Λ(m, J \ {j}).
Also, ∀j ∈ {0, . . . , n} we have a disjoint union
Λ(0) ∪ Λ(±ej , {j}) = Λ(±ej) ∪ {0}.
Proof. Fix some j ∈ J with m− σjej 6= 0. Since complex conjugation
sends C(λ,m) to C(λ,−m) we may assume that mj ≥ 0 and σj = 1.
Recall that if λj 6= mj(1−mj), then
E−j : C(m, λ)→ C(m− ej , λ), E+j : C(m− ej, λ)→ C(m, λ)
are bijections.
By proposition 2.1, if λ ∈ Λ(m − ej), then λj 6= mj(1 − mj). In
particular, this implies that Λ(m−σjej , J \ {j})∩Λ(m, J) = ∅ so that
their union is indeed disjoint.
Now let λ ∈ Λ(m, J \ {j}) and let ψ ∈ C(m, λ) be a corresponding
joint eigenfunction. Then either λj = |mj|(1 − |mj |) in which case
λ ∈ Λ(m, J) or λj 6= |mj|(1− |mj|) in which case E−ψ ∈ C(m− ej , λ)
so that λ ∈ Λ(m− ej , J \ {j}).
To get inclusion in the other direction, we just need to show that
Λ(m− ej , J \ {j}) ⊆ Λ(m, J \ {j}). Let λ ∈ Λ(m− ej, J \ {j}) and let
ψ ∈ C(m−ej , λ) be a corresponding eigenfunction. Since λ ∈ Λ(m−ej),
then λj 6= mj(1 − mj) and hence E+ψ ∈ C(m, λ) implying that λ ∈
Λ(m, J \ {j}).
Now for the case m = 0. Any 0 6= λ ∈ Λ(0) satisfies that ∀j, λj > 0
and by applying E±j to the corresponding eigenfunction we get that
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λ ∈ Λ(±ej); hence, Λ(0) ⊆ Λ(±ej) ∪ {0}. Next, for any λ ∈ Λ(±ej)
either λj = 0 or λj 6= 0 in which case λ ∈ Λ(0); we thus get that
Λ(0) ∪ Λ(±ej , {j}) = Λ(±ej) ∪ {0}. Finally, since 0 6∈ Λ(±ej) and for
any 0 6= λ ∈ Λ(0) we have that λj 6= 0 the union is disjoint. 
Corollary 2.1. Let m ∈ Zn+1, σ = sgn(m) ∈ {0, 1,−1}n+1, and Jm be
as above and let J ⊆ Jm be a subset. If m 6= σ or J 6= Jm, then for any
function Ψ on Rn for which the sum on the left absolutely converges we
have ∑
λ∈Λ(m,J)
d(m, λ)Ψ(λ) =
∑
Jν⊂J
(−1)|Jν |
∑
λ∈Λ(m−σν)
d(m− σν, λ)Ψ(λ),
while for m = σ and J = Jσ we have∑
λ∈Λ(σ,Jσ)
d(σ, λ)Ψ(λ) + (−1)|Jσ|ψ(0) =
∑
Jν⊂Jσ
(−1)|Jν |
∑
λ∈Λ(σ−σν)
d(σ − σν, λ)Ψ(λ),
where the outer sums are over all ν ∈ {0, 1}n+1 satisfying that Jν ⊆ J
with Jν = {j|νj 6= 0}.
Proof. The proof is a straight forward using induction on the size of J
and an inclusion exclusion argument. We omit the details. 
Remark 2.3. In the case where we the representation ρ is not trivial,
the trivial eigenvalue does not appear and we have the first equality
also for m = σ and J = Jσ.
The derivation of the hybrid trace formula now follows from the
above identity and the standard trace formula.
Proof of Theorem 7. Fixm1, . . . , mn ∈ Z\{0}, letm = (0, m1, . . . , mn)
and let σ = sgn(m) be as above. Apply the identity of Corollary 2.1
with J = {1, 2, . . . , n} and Ψ(λ) =∏n+1j=1 h(√λj − 14) to get∑
λk∈Λ(m,J)
d(m, λ)Ψ(λ) + (−1)nδm,σΨ(0) =
=
∑
Jν⊂J
(−1)|Jν |
∑
λ∈Λ(m−σν)
d(m− σν, λ)Ψ(λ).
For this choice of Ψ and J the sum on the left is given by(
n∏
j=1
h(i(|mj| − 12))
)∑
k
h(rk(m)) + (−1)nδm,σ(h(i/2))n+1.
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Apply the trace formula to each of the inner sums on the right hand
side. The contribution of the trivial conjugacy class is
∑
Jν⊂J
(−1)|Jν |vol(Γ\G)
∏
j
−1
2π
∫ ∞
−∞
hˆ′(u)
2 sinh(u/2)
e−(mj−σjνj)udu.
We can rewrite this sum as
vol(Γ\G)
(
−1
2π
∫ ∞
−∞
hˆ′(u)
2 sinh(u/2)
du
)
×
n∏
j=1
(
−1
2π
∫ ∞
−∞
hˆ′(u)
2 sinh(u/2)
(e−mju − e−(mj−σj)u)du
)
.
Substitute for the first term
−1
2π
∫ ∞
−∞
hˆ′(u)
2 sinh(u/2)
du =
1
π2
∫ ∞
0
h(r)r
∫ ∞
0
sin(ru)
2 sinh(u/2)
dudr
=
1
4π
∫ ∞
−∞
h(r)r tanh(πr)dr,
and for each of the last n terms
−1
2π
∫ ∞
−∞
hˆ′(u)
2 sinh(u/2)
e−mju(1− eσju)du = 2|mj | − 1
4π
h(i(|mj | − 12)),
to get that the total contribution of the trivial conjugacy class is given
by
|m|∗vol(Γ\G)
(4π)n+1
∫ ∞
−∞
h(r)r tanh(πr)dr
n∏
j=1
h(i(|mj | − 12)).
For the nontrivial conjugacy classes the contribution of a given class
γ = (γ0, . . . , γn) is given by
vol(Γγ\Gγ)
∑
Jν⊂J
(−1)|Jν |

 ∏
γj∼alj
hˆ(lj)
2 sinh(lj/2)



 ∏
γj∼kθj
h˜(θj , mj − σjνj)
sin(θj)

 .
Since the contribution of the hyperbolic elements do not depend on
mj, this sum will vanish unless γj ∼ kθj is elliptic for all j 6= 0. In this
case, if γ0 ∼ alγ is hyperbolic the corresponding term is
vol(Γγ\Gγ) hˆ(lγ)
2 sinh(lγ/2)
n∏
j=1
(
h˜(θγj , mj)
sin(θγj/2)
− h˜(θγj , mj − σj)
sin(θγj/2)
)
,
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and if γ0 ∼ kθγ0 is elliptic it is
vol(Γγ\Gγ) h˜(θγ0 , 0)
sin(θγ0/2)
n∏
j=1
(
h˜(θγj , mj)
sin(θγj/2)
− h˜(θγj , mj − σj)
sin(θγj/2)
)
.
A direct calculation using (2.1) for the functions h˜(θj , mj) yields
h˜(θj , mj)
sin(θj/2)
− h˜(θj , mj − σj)
sin(θj/2)
=
eimjθj
(1− eiσjθj )h(i(|mj| −
1
2
)).
Hence, the contribution of each hyperbolic-elliptic conjugacy class is
given by
vol(Γγ\Gγ) hˆ(lγ)
2 sinh(lγ/2)
n∏
j=1
eimjθγj
1− eiσjθγj h(i(|mj | −
1
2
))
and the contribution of each of the elliptic classes is given by
vol(Γγ\Gγ) h˜(θγ0 , 0)
sin(θγ0/2)
n∏
j=1
eimjθγj
1− eiσjθγj h(i(|mj | −
1
2
)).
We thus get the following formula(
n∏
j=1
h(i(|mj| − 12))
)(∑
k
h(rk(m)) + (−1)nδm,σ(h(i/2))
)
=
|m|∗vol(Γ\G)
(4π)n+1
∫ ∞
−∞
h(r)r tanh(πr)dr
(
n∏
j=1
h(i(|mj| − 12))
)
+
∑
{γ}
′
vol(Γγ\Gγ) hˆ(lγ)
2 sinh(lγ/2)
n∏
j=1
eimjθγj
(1− eiσjθj )h(i(|mj | −
1
2
))
+
∑
{γ}
′′
vol(Γγ\Gγ) h˜(θγ0 , 0)
sin(θγ0/2)
n∏
j=1
eimjθγj
(1− eiσjθj )h(i(|mj | −
1
2
))
We recall that for any hyperbolic-elliptic γ the group Γγ is a cyclic
group generated by some γp (cf. [2, Theorem 5.7]) and that vol(Γγ\Gγ) =
lγp (cf.[2, Page 36]). Also for any elliptic γ ∈ Γ we have that Γγ is a
cyclic finite group generated by γp and that vol(Γγ\Gγ) = 1Mγp . Hence,
after dividing both sides by
∏n
j=1 h(i(|mj |− 12)) we get the hybrid trace
formula. 
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3. Asymptotic estimates
In this section we prove Theorems 1 and 2 for the number of closed
geodesics and the distribution of their holonomy angles. The proof uses
the hybrid trace formula and the ideas of [14, 15].
3.1. Preliminary estimates. We start with some preliminary esti-
mates for the spectrum and the number of closed geodesics.
Lemma 3.1. For m ∈ Nn and x > 1 let
Nm(x) =
∑
σ∈{±1}n
♯
{
k|rk(σm) ∈ [x− 12 , x+ 12 ]
}
.
Then Nm(x) = O(|m|∗x) as x→∞.
Proof. Let Ψ(t) be a smooth even function supported on [−1, 1] such
that its Fourier transform Ψˆ is positive on R ∪ iR and satisfies that
Ψˆ(0) = 1 and Ψˆ(r) > 1
2
for |r| < 1
2
. For x > 0 let hx(r) =
Ψˆ(r+x)+Ψˆ(r−x)
2
so that
Nm(x) ≤ 2
∑
σ
∑
k
hx(rk(σm)).
Use the trace formula (Theorem 7’) with this test function to get∑
σ
∑
k
hx(rk(σm) ≤ |m|
∗vol(Γ\G)
(2π)n+1
∫
R
hx(r)r tanh(πr)dr
+|m|∗
∑
{γ}
′ lγp |hˆx(lγ)|
sinh(lγ/2)
+ |m|∗
∑
{γ}
′′ |h˜x(θγ0 , 0)|
Mγp sin(θγ0/2)
where we used the bound |Fm(θ)| ≤ |m|∗. We can bound the integral
| ∫
R
hx(r)r tanh(πr)dr| ≤ xΨ(0) +
∫
R
Ψˆ(r)|r|dr = O(x). Next |hˆx(t)| =
|Ψ(t)| is bounded and vanishes outside of [−1, 1]. Since there are only
finitely many conjugacy classes with lγ < 1 the sum
∑′ lγp |hˆx(lγ)|
sinh(lγ/2)
| =
O(1) is bounded uniformly in x. To deal with the elliptic elements,
using (2.1), we can bound
|h˜x(θ, 0)| ≤
∫ ∞
−∞
|hˆx(u)|
cosh(u/2)− 1du≪ ||hˆx||∞,
where the notation f(x)≪ g(x) mean that there is some constant c > 0
such that |f(x)| ≤ cg(x). Since |hˆx(u)| = |ψ(u)| does not depend on x
the contribution of the elliptic terms are bounded by O(1). 
Remark 3.1. The above proof with x = 0 shows that
♯{k|rk(m) ∈ i(0, 12)} = O(|m|∗).
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From this preliminary estimate we get the following estimate for the
number of closed geodesics with length in some short interval.
Lemma 3.2. For large x > 0 and small ǫ > 0 we have∑
x−ǫ≤lγ≤x+ǫ
lγp
2 sinh(lγ/2)
= O(ǫex/2) +O(ǫ−1).
Proof. Let Ψ(t) be a positive smooth even function supported on [−1, 1]
such that
∫ 1
−1Ψ(t)dt = 1 and Ψ(t) >
1
2
for |t| ≤ 1
2
. Use Theorem
7’ with m = (1, 1, . . . , 1) (so that Fm(θ) ≡ 1) and test function hx,ǫ
with Fourier transform given by hˆx,ǫ(t) = Ψ(
t−x
2ǫ
) + Ψ(x+t
2ǫ
). That is
hx,ǫ(r) = 4ǫΨˆ(2ǫr) cos(rx). For any t ∈ (x − ǫ, x + ǫ), hx,ǫ(t) ≥ 12 ,
hence ∑
x−ǫ≤lγ≤x+ǫ
lγp
2 sinh(lγ/2)
≤ 2
∑
{γ}
′ lγp hˆx,ǫ(lγ)
2 sinh(lγ/2)
.
The sum on the right is bounded by
|2nhx,ǫ(i/2)|+
∑
σ
∑
k
hx,ǫ(rk(σ))
+
∑
{γ}
′′ |h˜x,ǫ(θγ0 , 0)|
Mγp | sinh(θγ0)|
+
vol(Γ\G)
2(2π)n+1
∫
R
hx,ǫ(r)r tanh(πr)dr.
The contribution of the first term and all the complementary spec-
trum is bounded by some constant times
hx,ǫ(i/2) = 2ǫΨˆ(ǫi)(e
x/2 + e−x/2) = O(ǫex/2).
As before, since ||hˆx,ǫ(t)||∞ ≤ 2||Ψ||∞ is uniformly bounded, the con-
tribution of the elliptic terms is bounded by O(1). We can bound the
integral ∫
R
hx,ǫ(r)r tanh(πr)dr≪ ǫ
∫ ∞
0
Ψˆ(ǫr)rdr = O(ǫ−1).
Finally, the contribution of the principal spectrum is bounded (up to
some constant) by ǫ
∑
rk∈R Ψˆ(2ǫrk) = O(
1
ǫ
), where we used the fast
decay of Ψˆ(r) together with the estimate
#
{
k, σ|x− 1
2
≤ ǫrk(σ) ≤ x+ 12
}
= O(
x
ǫ2
),
implied by lemma 3.1. 
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3.2. Main estimate. The family of functions
{Hm(θ)|m1, . . . , mn ∈ Z \ {0}},
withHm(θ) given by (2.4) form an orthonormal basis for L
2((R/2πZ)n, µ).
We can decompose any such function as
f(θ) =
∑
m
af (m)Hm(θ),
with af(m) =
∫
f(θ)Hm(θ)dµ(θ). (The coefficients af(m) are just the
standard Fourier coefficients gˆ(m) for g(θ) = f(θ)
∏
j(1− e−sgn(mj)θj ).)
For any f ∈ C∞((R/2πZ)n) let
(3.1) C(f) =
∑
m
|m|∗|af(m)|.
Proposition 3.3. For any f ∈ C∞((R/2πZ)n) we have
|
∑
{γ}
lγ≤x
′ lγpf(θγ)
2 sinh(lγ/2)
− 2n+1ex/2µ(f)| ≪
√
‖f‖∞C(f)ex/4 + C(f)eαx.
where α = supm αm as in Theorem 2.
Proof. Let Ψ be a smooth positive even function supported on [−1, 1]
and let 1 x denote the indicator function of [−x, x]. Let Ψǫ(t) = 1ǫΨ(t/ǫ)
and let hˆx,ǫ = 1 x∗Ψǫ denote the convolution of 1 x and Ψǫ. The function
hˆx,ǫ is supported on [−x−ǫ, x+ǫ], it takes values between zero and one
and it is equal to one on [−x + ǫ, x − ǫ]. Its inverse Fourier transform
is given by hx,ǫ(r) = 1ˆ x(r)Ψˆǫ(r) =
2 sin(xr)
r
Ψˆ(ǫr). Using Lemma 3.2 we
can approximate the sharp cutoff with the smooth one, that is,
|
∑
{γ}
lγ≤x
′ lγpf(θγ)
2 sinh(lγ/2)
−
∑
{γ}
′ lγphx,ǫ(lγ)f(θγ)
2 sinh(lγ/2)
| ≤(3.2)
≤
∑
{γ}
′
x−ǫ≤lγ≤x+ǫ
lγp |f(θγ)|
2 sinh(lγ/2)
≪ ‖f‖∞ (ǫex/2 +
1
ǫ
).
To estimate the smoothed sum, expand f(θ) =
∑
m af (m)Hm(θ) to get
|
∑
{γ}
′ lγphx,ǫ(lγ)f(θγ)
2 sinh(lγ/2)
− 2n+1ex/2µ(f)| ≤
∑
m
|af(m)|
∣∣∣∣∣∣
∑
{γ}
′ lγphx,ǫ(lγ)Hm(θγ)
2 sinh(lγ/2)
− 2n+1ex/2µ(Hm)
∣∣∣∣∣∣ .
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Using the trace formula we can replace each of the inner sums,∑
{γ}
′ lγphx,ǫ(lγ)
2 sinh(lγ/2)
Hm(θγ) =
= (−1)nδm,σhx,ǫ(i/2) +
∑
k
hx,ǫ(rk(m))
−
∑
{γ}
′′ h˜x,ǫ(θγ0 , 0)
Mγp sin(θγ0/2)
Hm(θγ)− vol(Γ\G)|m|
∗
(4π)n+1
∫
R
hx,ǫ(r)r tanh(πr)dr.
Estimate hx,ǫ(i/2) = 2e
x/2 + O(ǫex/2) and bound the contribution of
the complementary spectrum by O(|m|∗eαx). The function hˆx,ǫ ≤ 1 is
uniformly bounded so the contribution of the elliptic conjugacy classes
are bounded by O(1). As in the proof of Lemma 3.2, the contribution
of the principal spectrum and the trivial conjugacy class are bounded
by O(|m|∗ǫ−1). We thus get that∑
{γ}
′ lγphx,ǫ(lγ)Hm(θγ)
2 sinh(lγ/2)
= (−1)n2δm,σex/2(1+O(ǫ))+O(|m|∗eαx)+O( |m|
∗
ǫ
).
Since µ(Hm) = (−12)nδm,σ we get∣∣∣∣∣∣
∑
{γ}
′ lγphx,ǫ(lγ)Hm(θγ)
2 sinh(lγ/2)
− 2n+1ex/2µ(Hm)
∣∣∣∣∣∣≪
|m|∗
ǫ
+ |m|∗eαx+ δm,σǫex/2.
Multiplying by af (m) and summing over all m we get
|
∑
{γ}
′ lγphx,ǫ(lγ)f(θγ)
2 sinh(lγ/2)
− 2n+1ex/2µ(f)| ≪ C(f)eαx + C(f)ǫ−1 + ‖f‖∞ ǫex/2,
where we used the bound
∑
σ |af (σ)| ≪ ‖f‖∞. By (3.2) we get the
same estimate for the sharp cutoff and taking ǫ =
√
C(f)
‖f‖
∞
e−x/4 con-
cludes the proof. 
3.3. Proof of Theorem 1. The prime geodesic theorem now follows
form Proposition 3.3 with f the constant function.
Proof. Apply Proposition 3.3 with f ≡ 1 the constant function. We
thus get
(3.3)
∑
{γ}
lγ≤x
′ lγp
2 sinh(lγ/2)
= 2n+1ex/2 +O(ex/4) +O(eα1x).
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(The decomposition of the constant function only involves the function
Hσ with σ ∈ {±1}n, hence, the error term depends only on α1.) The
contribution of the primitive conjugacy classes is trivially bounded by
the whole sum so
Θ(x) :=
∑
{γp}
lγp≤x
′ lγp
2 sinh(lγp/2)
= O(ex/2).
Integrating by parts we get the preliminary bound
πp(x) =
∫ x 2 sinh(t/2)
t
dΘ(t) = O(
ex
x
).
We can now estimate the contribution of the non-primitive conjugacy
classes to (3.3), that is
∞∑
k=2
∑
lγp≤x/k
lγp
2 sinh(klγp/2)
=
∞∑
k=2
∫ x/k
δ
t
2 sinh(kt/2)
dπp(t).
Since there is a geodesic with a shortest length δ this is a finite sum. Us-
ing the preliminary bound πp(x) = O(
ex
x
) and integrating by parts we
get that this sum is bounded by O(x). Consequently, the same asymp-
totic formula as (3.3) is valid when summing over primitive geodesics,
that is,
Θ(x) =
∑
lγp≤x
lγp
2 sinh(lγp/2)
= 2n+1ex/2 +O(ex/4) +O(eα1x)
Let
Θ˜(x) =
∑
lγp≤x
lγpe
−lγp/2,
then Θ(x) = Θ˜(x) + O(1). Using integration by parts together with
the estimate Θ˜(x) = 2n+1ex/2 +O(ex/4) +O(eαx), we get
πp(x) =
∫ x et/2
t
dΘ˜(t) = 2nLi(ex) +O(
e3x/4
x
) +O(e(α1+
1
2
)x).

3.4. Proof of Theorem 2. Similar to the previous case, the equidis-
tribution for smooth test functions follows from Proposition 3.3 and
integration by parts.
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Proof. Without loss of generality we may assume that
∫
fdµ = 0.
Then, Proposition 3.3 gives
|
∑
{γ}
lγ≤x
′ lγp
2 sinh(lγ/2)
f(θγ)| ≪
√
‖f‖∞C(f)ex/4 + C(f)eαx.
The contribution of the non-primitive conjugacy classes is bounded
by O(x), so the same estimate holds when summing over primitive
elements∑
{γp}
lγp≤x
′ lγp
2 sinh(lγp/2)
f(θγp)| ≪
√
‖f‖∞C(f)ex/4 + C(f)eαx.
As before, the same bound also holds for
Θf(x) :=
∑
lγp≤x
e−lγp/2lγpf(θγp)≪
√
‖f‖∞C(f)ex/4 + C(f)eαx.
Integrating by parts we get∑
lγp≤x
f(θγp) =
∫ x et/2
t
dΘf(t)≪ |Θf(x)|ex/2,
concluding the proof. 
3.5. A sharp cutoff. Since we have good control on how the error
term depends on f , we can give bounds for the error term also for a
sharp cutoff function. We show this in the simple case where f = 1 A
is the indicator function of a rectangle.
Corollary 3.1. For any rectangle A ⊂ [−π, π]n we have
πp(x;A)
πp(x)
= µ(A) +O(e−cx),
where the implied constant is independent of A and the exponent is
given by c =
{
1
2(n+2)
α ≤ 1
2(n+2)
1−2α
2(n+1)
α > 1
2(n+2)
.
Proof. We will use the Selberg-Beurling functions to approximate the
indicator function (see [12, Chapter 1.2] for details). For any inter-
val J ⊂ [−π, π] and any N ∈ N the corresponding Selberg-Beurling
functions S±J ,N(θ) are trigonometric polynomials of degree at most N ,
S±J ,N(θ) =
∑
|k|≤N
Sˆ±J ,N(k)e
−ikθ,
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satisfying that
(3.4) S−J ,N(θ) ≤ 1 J (θ) ≤ S+N(θ), ∀θ ∈ [−π, π],
(3.5)
∫ π
−π
S±J ,N(θ)dθ = |J | ±
2π
N + 1
,
which implies that the non-zero Fourier coefficients satisfy
(3.6) |Sˆ±J ,N(k)| ≤
1
N + 1
+
1
|k| , ∀1 ≤ |k| ≤ N.
For a rectangle A =
∏
j Jj let fN(θ) =
∏
j S
+
Jj ,N(θj), then by (3.4)
we have fN(θ) ≥ 1 A(θ) for all θ ∈ [−π, π]n (note that these functions
are non-negative). The coefficients afN (m) are given in terms of the
Fourier coefficients
afN (m) =
n∏
j=1
(
Sˆ+Jj ,N(mj)− Sˆ+Jj ,N(mj − sgn(mj))
2
)
.
Using (3.6) we get that
C(fN) =
∑
m
|m|∗|afN (m)| ≤ (6N)n.
A similar calculation gives that |µ(fN) − µ(1 A)| ≤ nN+1 , and since∥∥S+J ,N∥∥∞ ≤ 5 we get that ‖fN‖∞ = O(1) is uniformly bounded.
Now use fN to get an upper bound for
π(x;A)
πp(x)
,
π(x;A)
πp(x)
≤ 1
πp(x)
∑
lγp≤x
′
fN(θγp).
From Theorem 2, taking into account how the error terms depend on
fN , we get
1
πp(x)
∑
lγp≤x
′
fN(θγp) = µ(fN) +O(
√
C(fN)e
−x/4) +O(C(fN)e
(α−1
2
)x)
= µ(A) +O(N−1) +O(Nn/2e−x/4) +O(Nne(α−
1
2
)x).
Let N = ecx where c = 1
2(n+2)
if α ≤ 1
2(n+2)
and c = 1−2α
2(n+1)
if α > 1
2(n+2)
to get the upper bound
π(x;A)
πp(x)
≤ µ(A) +O(e−cx).
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In order to get a lower bound, we write [−π, π]n = A∪A1 ∪ · · · ∪Ak
as a finite disjoint union of rectangles (with k ≤ 2n). Since the error
term does not depend on the rectangle Ai we get
π(x;A)
πp(x)
= 1−
k∑
i=1
π(x;Ai)
πp(x)
≥ 1−
k∑
i=1
µ(Ai)+O(e
−cx) = µ(A)+O(e−cx).

4. Invariance of holonomy under sign changes
Recall that the holonomy is invariant under the sign change σ ∈
{±1}n if for any angle θ ∈ [−π, π]n the number of primitive closed
geodesics with holonomy θ is equal the number of closed geodesics
with holonomy σθ. This property can be translated to the follow-
ing property of the lattice: For every θ ∈ [−π, π]n the number of
primitive hyperbolic-elliptic Γ-conjugacy classes that are conjugated
in PSL(2,R)n+1 to (al, kθ) equals the number of primitive hyperbolic-
elliptic Γ-conjugacy classes that are conjugated in PSL(2,R)n+1 to
(al, kσθ).
We now use the trace formula to prove Theorem 3, that is, we show
that invariance of the holonomy angles under the sign change σ is
equivalent to a spectral correspondence between the spaces Vm and
Vσm.
Proof of Theorem 3. Assume that the holonomy angles are invariant
under the sign change σ ∈ {±1}n. To show that there is a linear map
Θσ : Vm → Vσm commuting with Ω0 we just need to show that the
spectrum of Ω0 is the same on both spaces, that is, that {rk(m)}∞k=0 =
{rk(σm)}∞k=0.
Fix m ∈ Zn+1 with m0 = 0 and mj 6= 0 for j ≥ 1. Let hˆ ∈
C∞c (R) denote a smooth compactly supported function and consider
the hyperbolic-elliptic sum in the trace formula, that is,
∑
{γ}
′ lγp hˆ(lγ)
2 sinh(lγ/2)
Hm(θγ).
Since any conjugacy class {γ} is a power of a primitive one we can
rewrite this as ∑
{γp}
′ ∞∑
q=1
lγp hˆ(qlγp)
2 sinh(qlγp/2)
Hm(qθγp).
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Since the holonomy angles are invariant under the sign change σ this
is equal to ∑
{γp}
′ ∞∑
q=1
lγp hˆ(qlγp)
2 sinh(qlγp/2)
Hm(qσθγp).
We thus get the equality∑
{γ}
′ lγp hˆ(lγ)
2 sinh(lγ/2)
Hm(θγ) =
∑
{γ}
′ lγp hˆ(lγ)
2 sinh(lγ/2)
Hm(σθγ).
Notice that Hm(σθ) = Hσm(θ) so that we have∑
{γ}
′ lγphˆ(lγ)
2 sinh(lγ/2)
Hm(θγ) =
∑
{γ}
′ lγp hˆ(lγ)
2 sinh(lγ/2)
Hσm(θγ).
Since the contribution of the trivial conjugacy class to the trace formula
does not depend on the sign of m, after subtracting the contribution
of the elliptic elements we get the equality∑
k
h(rk(m))−
∑
{γ}
′′ h˜(θγ0 , 0)Hm(θγ)
Mγp sin(θγ0/2)
=(4.1)
=
∑
k
h(rk(σm))−
∑
{γ}
′′ h˜(θγ0 , 0)Hm(σθγ)
Mγp sin(θγ0/2)
.
We claim that this equality implies that the spectrum of Vm and Vσm
are the same. We first show that the exceptional spectrum is the same.
Let
1
2
≥ c0(m) > c1(m) · · · > cq(m) > 0
be such that 1
4
− ck(m)2 ∈ [0, 14) are all the exceptional eigenvalues and
let dk(m) denote the multiplicity of the corresponding eigenvalue. Let
Ψ denote a positive smooth even function supported on [−1, 1] with∫ 1
−1Ψ(t)dt = 1. For x > 0 let hx(r) =
2 sin(xr)
r
Ψˆ(r). For r ∈ R real we
have that |hx(r)| ≤ 2x|Ψˆ(r)| so that the sum |
∑
rk(m)∈R hx(rk(m))| =
O(x). The Fourier transform |hˆx(t)| = |1 x ∗ Ψ(t)| ≤ 1 is uniformly
bounded so the contribution of the elliptic elements are bounded by
O(1). Consequently, the equality (4.1) with this test function implies
that
q∑
k=0
dk(m)
exck(m)
ck(m)
Ψˆ(ick(m)) =
q∑
k=0
dk(σm)
exck(σm)
ck(σm)
Ψˆ(ick(m)) +O(x).
Dividing by exc0(m) and taking x → ∞ implies that c0(m) = c0(σm)
and that d0(m) = d0(σm). We can thus subtract its contribution form
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both sides and continue in the same way to get that ck(m) = ck(σm)
and dk(m) = dk(σm) for all k = 1, . . . , q.
Now for the principal spectrum. Let h be an even function with
Fourier transform hˆ ∈ C∞(R) even, supported on [−1, 1], and satisfies∫ 1
−1 hˆ(t)dt = 1. For x, ǫ > 0 let hǫ,x(r) =
h(x−r
ǫ
)+h(x+r
ǫ
)
2
so that its
Fourier transform is given by hˆǫ,x(t) = ǫ cos(xt)hˆ(ǫt). Now fix x =
rk0(m) ∈ R for some k0 and assume that ǫ is sufficiently small such that
there are no other eigenvalues in [x −√ǫ, x+√ǫ]. Use (4.1) with the
test function hǫ,x. From the previous part, the contribution of all the
exceptional eigenvalues cancels out. Since we have ||hˆǫ,x(t)||∞ ≤ ǫ||hˆ||∞
we can bound the contribution of the elliptic conjugacy classes by O(ǫ).
From the fast decay of h(r) as r →∞ we get that the contribution of
{rk(m) ∈ R|rk(m) 6= x} satisfies∑
|rk(m)−x|>
√
ǫ
hx,ǫ(rk(m)) = O(ǫ).
We thus get that
#{rk(m) = x} = #{rk(σm) = x} +O(ǫ).
Taking ǫ→ 0 we get equality.
For the other direction, assume that we have a spectral correspon-
dence between Vm and Vσm for every m for some fixed sign σ ∈ {±1}n.
Now assume that there is a pair (l, θ) such that
0 < #{{γp}|(lγp , θγp) = (l, θ)} 6= #{{γp}|(lγp, θγp) = (l, σθ)}.
Also assume that l is the smallest number for which this holds (recall
that the set of lengthes of geodesics is discrete and that the angle is
determined up to a sign by the length). Let hˆ be a function supported
on [−l − δ, l + δ] where δ < l is sufficiently small so that there are
no primitive conjugacy classes with l < lγp ≤ l + δ, and let H ∈
C∞((R/πZ)n) be supported in a sufficiently small neighborhood of θ
such that other then (lγ , θγ) = (l, θ), there are no other holonomy
angles in its support with lγ ≤ l+ δ (and also no angles corresponding
to elliptic conjugacy classes). Since we can decompose H as a sum over
the functions Hm, using the trace formula and the same argument as
before we get that
∑
{γp}
′
lγp
∞∑
q=1
hˆ(qlγp)
2 sinh(qlγp/2)
H(qθγp) =
∑
{γp}
′
lγp
∞∑
q=1
hˆ(qlγp)
2 sinh(qlγp/2)
H(qσθγp).
For all primitive conjugacy classes with lγp < l by our assumption
of minimality we have exact cancelation, and for primitive conjugacy
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classes with lγp > l there is no contribution to either side (because
hˆ(qlγp) = 0). We thus get that the only contribution is from conjugacy
classes with lγp = l and θγp = θ on the left hand side and θγp = σθ on
the right. Consequently,
#{{γp}|(lγp , θγp) = (l, θ)} = #{{γp}|(lγp, θγp) = (l, σθ)},
in contradiction. 
Except for the case σ = −1, where complex conjugation gives the
correspondence between Vm and V−m, it is not clear how to obtain
such a correspondence. It is thus interesting to find for which signs σ
such a correspondence exists. We now give a condition on the lattice
Γ that implies the invariance of holonomy angles under sign changes,
and hence also the spectral correspondence.
Composing the sign function sgn(x) = x|x| with the determinant gives
a function from GL(2,R) to {±1}. Note that replacing τ by xτ for
x ∈ R∗ does not change the sign of the determinant so that the map
τ 7→ sgn(det τ) is well defined on PGL(2,R).
Lemma 4.1. Let g ∈ PSL(2,R) with |tr(g)| < 2 so that g is conjugated
in PSL(2,R) to some k ∈ PSO(2). Then, for any τ ∈ GL(2,R) we have
that τ−1gτ ∈ PSL(2,R) is conjugated in PSL(2,R) to ksgn(det τ).
Proof. This is obvious after noting that k and k−1 are conjugated in
GL(2,R) but not in SL(2,R). 
Let G˜ = GL(2,R)n+1. Let sgn0 : R
n+1 → {±1}n denote the projec-
tion of the sign function to the last n coordinates. Denote by NG˜(Γ)
the normalizer of Γ in G˜, that is,
NG˜(Γ) = {τ ∈ GL(2,R)n+1|τ−1Γτ = Γ}.
Proposition 4.2. For any σ ∈ sgn0(detNG˜(Γ)), the holonomy angles
are invariant under the sign change σ.
Proof. Fix τ ∈ NG˜(Γ) with sgn0(τ) = σ. Fix an angle θ ∈ [−π, π]n
and let {γ(1)}, . . . , {γ(k)} denote all the primitive Γ-conjugacy classes
such that each γ(i) is conjugated in PSL(2,R)n+1 to (al, kθ). For each
1 ≤ i ≤ k let γ˜(i) = τ−1γ(i)τ . Then, by the above lemma, each γ˜(i) is
conjugated in PSL(2,R)n+1 to (al, kσθ). Since τ ∈ NG˜(Γ), then γ˜(i) ∈ Γ
is also a primitive element. Finally we claim that {γ˜(1)}, . . . , {γ˜(k)} are
k distinct Γ-conjugacy classes. Indeed, if γ˜(i) and γ˜(j) are conjugated by
some γ ∈ Γ, then γ(i) and γ(j) are conjugated by τγτ−1 ∈ Γ in contra-
diction to the assumption that {γ(1)}, . . . , {γ(k)} are distinct conjugacy
classes. 
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In the next section we consider lattices derived from quaternion alge-
bras over number fields. For these lattices we can give many examples
for which sgn0(detNG˜(Γ)) already contains all sign changes.
5. Lattices derived from quaternion algebras
Let K be a totally real number field. Denote by P the set of places
of K and by P∞ and Pf the set of archimedean places and finite places
of K respectively. For each place ν ∈ P let Kν be the completion of K
with respect to ν and fix an embedding ιν : K →֒ Kν . For any finite
set of places S let ιS : K →֒
∏
ν∈S Kν denote the diagonal embedding.
We denote by OK the ring of integers of K and by O∗K the group units.
Let A be a quaternion algebra defined over K. We denote by
trA and nA the relative norm and trace maps from A to K, that is,
trA(α) = α + α¯, nA(α) = αα¯ with α¯ the conjugate of α in A. For
any place ν let Aν = A ⊗ιν(K) Kν . We also denote by ιν : A →֒ Aν
and ιS : A →֒
∏
ν∈S Aν the corresponding embeddings. We say that A
is ramified at a place ν if Aν is a division algebra and unramified if it
is a matrix algebra. Denote by Ram(A),Ramf(A) and Ram∞(A) the
set of ramified places, finite ramified places and infinite ramified places
respectively. By the classification theorem of quaternion algebras, the
set Ram(A) is always finite and even, and conversely, for any even
finite set of places there is a unique (up to isomorphism) quaternion
algebra ramified at these places (cf. [18, Chapter 3 Theorem 3.1]). If
the algebra A is fixed we will just use the notation Ram,Ramf ,Ram∞.
An order R ⊂ A is a subring satisfying that R ⊗K = A and that
nA(R), trA(R) ⊂ OK are in the ring of integers of K. We say R is a
maximal order if it is maximal with respect to inclusion; it is called an
Eichler order if it is the intersection of two maximal orders. We denote
by R∗ the group of invertible elements in the order R and by R1 ⊂ R∗
the group of norm one elements inside this order. Let S∞ = P∞\Ram∞,
we then have that
ιP∞(ker(nA) ⊂
∏
ν∈Ram∞
SU(2)×
∏
ν∈S∞
SL(2,R).
Moreover, the projection of ιS∞(R1) to
∏
ν∈S∞ PSL(2,R) is an irre-
ducible lattice; this lattice is called the lattice derived from R.
5.1. Proof of Theorem 4. LetR be an order in a quaternion algebra.
For any α ∈ R1 and β ∈ R∗ we have that β−1αβ ∈ R1, hence, R∗ ⊂
NA∗(R1). Consequently, if Γ ⊂ G =
∏
ν∈S∞ PSL(2,R) is the lattice
derived from R and G˜ = ∏ν∈S∞ GL(2,R), then ιS∞(R∗) ⊂ NG˜(Γ). It
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is easy to see that this is also true for any principal congruence group,
that is, for
Γ(g) = {γ ∈ Γ|γ ≡ I (mod g)},
with g ⊂ OK an ideal we have that ιS∞(R∗) ⊆ NG˜(Γ(g)).
Recall that the condition given in Proposition 4.2 for the invariance
of the holonomy angles under sign change depends on the signs of
the determinants of the elements in NG˜(Γ). If τ = ιS∞(α) ∈ NG˜(Γ)
comes from the image of some α ∈ R∗, then det(τ) = (ιν(nA(α)))ν∈S∞ .
Consequently, in order to prove Theorem 4 it is sufficient to show that
the elements {ιS∞(nA(α))|α ∈ R∗} ⊂ RS∞ can get all possible signs.
The following proposition characterizes the elements of O∗K that are
obtained as norms of elements in an Eichler order.
Proposition 5.1. For a quaternion algebra A defined over K denote
by KA = {x ∈ K|ιν(x) > 0, ∀ν ∈ Ram∞(A)}. We then have nA(A) =
KA and for any Eichler order R ⊆ A we have nA(R) = OK ∩KA and
nA(R∗) = O∗K ∩KA.
Proof. The first two assertions are proved in [18, Chapter 3 Theorem
4.1 and Corollary 5.9]. We now verify the third one. The equality
nA(R) = OK ∩ KA implies that nA(R∗) ⊆ O∗K ∩ KA. For the other
direction, let x ∈ O∗K ∩ KA so that x = nA(α) for some α ∈ R. Let
y ∈ O∗K with xy = 1. Then y ∈ KA as well and hence y = nA(β) for
some β ∈ R. Now α−1 = α¯nA(β) ∈ R so that indeed α ∈ R∗. 
Let sgn : K∗ → {±1}P∞ denote the sign function, that is, sgn(t) =
( ιν(t)|ιν(t)| )ν∈P∞. Let K
+ = ker(sgn) denote the group of totally positive
elements and let O+K = O∗K ∩K+ denote the group of totally positive
units. Let I(K) denote the group of fractional ideals in K, P(K) the
group of principal ideals, and H(K) = I(K)/P(K) the class group
of K. Let P+(K) denote the group of principal ideals generated by
totally positive elements and denote by H+(K) = I(K)/P+(K) the
narrow class group. Denote by hK = #H(K) and h
+
K = #H
+(K) the
class number and narrow class number respectively.
Proposition 5.2. sgn(O∗K) = {±1}P∞ if and only if hK = h+K.
Proof. Let g1, g2, . . . , ghK be a set of representatives for all ideal classes;
we may assume that g1 = (1). We then have that hK = h
+
K if and only
if these ideals represent all classes in the narrow class group as well.
Assume that hK = h
+
K . We fix σ ∈ {±1}P∞ and show that there is
u ∈ O∗K with sgn(u) = σ. Let x ∈ K∗ with sgn(x) = σ (such an element
exists from the weak approximation theorem). From our assumption,
the ideal xOK is equivalent, in the narrow sense, to g1 = (1). This
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implies that there is y ∈ K+ such that u = xy ∈ O∗K , and hence
σ = sgn(u) ∈ sgn(O∗K).
For the other direction we assume that sgn(O∗K) = {±1}P∞ and show
that g1, . . . , ghK represent all narrow classes. Fix an ideal g, then there
is some x ∈ K∗ such that xg = gj for some 1 ≤ j ≤ hK . Let σ = sgn(x)
and fix u ∈ O∗K with sgn(u) = σ (which exist from our assumption).
We thus have that y = xu ∈ K+ and yg = xug = xg = gi so g is
equivalent to gi in the narrow sense.

Remark 5.1. Note that the group (O∗K)2 of squares of units is always
contained in the positive unites O+K . On the other hand, Dirichlet’s
Unit Theorem implies that [O∗K : (O∗K)2] = 2n. Hence the condition
hK = h
+
K is also equivalent to O+K = (O∗K)2.
The following proposition together with Proposition 4.2 complete the
proof of Theorem 4.
Proposition 5.3. Let Γ ⊂ PSL(2,R)n+1 be a principal congruence
group inside a lattice derived from an Eichler order R in a quater-
nion algebra A defined over a number field K. If hK = h+K, then
sgn0(det(NG˜(Γ)) = {±1}n.
Proof. Let d = [K : Q] and enumerate the infinite places P∞ =
{ν0, ν1, . . . , νn, νn+1, . . . , νd} such that Ram∞(A) = {νn+1, . . . , νd}. Fix
σ ∈ {±1}n and let x ∈ O∗K such that sgn(x)νi = σi for i = 1, . . . , n
and that sgn(x)νi = 1 for i > n (which exists from the assumption
on the class numbers). Then x ∈ O∗K ∩ KA = nA(R∗) so there is
α ∈ R∗ with nA(α) = x. Then ιS∞(α) ∈ GL(2,R)n+1 lies in NG˜(Γ)
and sgn0 det(nA(α)) = σ. 
Remark 5.2. Notice that if we fix the quaternion algebra A we can
weaken the condition on the field. That is, we only require that the
projection of sgn(O∗K) to
∏
P∞\Ram∞(A){±1} is onto.
5.2. Optimal Embeddings. Before we proceed with the proof of
Theorem 6 we collect some results on optimal embeddings of quadratic
orders into orders in a quaternion algebra. Let A be a quaternion alge-
bra defined over a number field K and R ⊂ A a maximal order (similar
results also hold for Eichler orders, but for simplicity we will restrict
the discussion to maximal orders). We further assume that A satisfies
the Eichler condition, that is, A is unramified in at least one infinite
place.
Let L/K be a quadratic extension, we say that L embeds into A
if there is a nontrivial K-homomorphism from L to A. We note that
32 DUBI KELMER
this happens if and only if Lν is a quadratic field extension of Kν for
any ν ∈ Ram(A) (cf. [18, Chapter III Theorem 4.1]). Let OL denote
the ring of algebraic integers in L and let O ⊂ OL be an order (i.e.,
a subring satisfying that O ⊗ K = L). We say that an embedding
φ : L →֒ A is an optimal embedding of O in R if φ(L) ∩ R = φ(O).
Note that if φ is an optimal embedding, then for any x ∈ NA(R) the
map φx(u) := x
−1φ(u)x is also an optimal embedding.
Definition 5.4. Denote by m∗(O,R) the number of optimal embed-
dings of O into R modulo conjugation by elements of R∗, and by
m1(O,R) the number of optimal embeddings of O into R modulo con-
jugation by elements of R1.
For any finite place ν ∈ Pf let Oν = O ⊗OK OKν , let Rν = R⊗OK
OKν , and let m∗(Oν ,Rν) denote the number of optimal embeddings
of Oν in Rν modulo R∗ν . For places where A is unramified, Aν =
Mat(2, Kν) and m
∗(Oν ,Rν) = 1 [18, Chapter II Theorem 3.2]. For
ν ∈ Ram(A), Aν is a division algebra and by [18, Chapter II Theorem
3.1] m∗(Oν ,Rν) = 0 unless Oν = OLν in which case
(5.1) m∗(OLν ,Rν) =
{
1 ν ramifies in L
2 ν is unramified in L
.
The global number of optimal embeddings can be obtained from this
local data as follows:
Proposition 5.5. Let A be a quaternion algebra over K and R ⊂ A a
maximal order. Let L/K be a quadratic extension embedded in A and
O ⊂ OL an order. If A = Mat(2, K) we further assume that there is
an infinite place with Lν = C. Then
m1(O,R) = h(O)
hK
[O∗K : nL/K(O∗)]2−rA
∏
ν∈Ramf (A)
m∗(Oν ,Rν),
where rA = #Ram∞(A), hK is the class number of K and h(O) is the
class number of O.
Proof. Let H(K) denote the class group of K and H(KA) the narrow
class group corresponding to KA (that is the quotient of the fractional
ideals by the principal ideals generated by elements ofKA). Let hK and
hKA denote the corresponding class number and narrow class number.
By [18, Chapter III Proposition 5.16] m∗(O,R) does not depend on
the choice of maximal order R, and by [18, Chapter III Theorem 5.15]
it is given by
(5.2) m∗(O,R) = h(O)
hKA
∏
ν∈Ramf (A)
m∗(Oν ,Rν).
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By [18, Chapter III Corollary 5.13] we have
(5.3) m1(O,R) = m∗(O,R)[nA(R∗) : nL/K(O∗)].
Combining (5.2) and (5.3) we get
(5.4) m1(O,R) = [O
∗
K : nL/K(O∗)]
[O∗K : nA(R∗)]
h(O)
hKA
∏
ν∈Ramf (A)
m∗(Oν ,Rν).
We can identify the principal fractional ideals in K∗ with K∗/O∗K .
Hence, the kernel of the natural projection π : H(KA) → H(K) satis-
fies
ker(π) ∼= (K∗/O∗K)/(KA/O∗K ∩KA) = (K∗/O∗K)/(KA/nA(R∗),
which is a finite group of order
#ker(π) =
[K∗ : K∗A]
[O∗K : nA(R∗)]
=
2rA
[O∗K : nA(R∗)]
.
Now plug in hKA = #ker(π)hK = 2
rA hK
[O∗K :nA(R∗)]
in (5.4) to get the
result. 
The number of conjugacy classes in Γ with a given trace can be
expressed as a sum over the number of optimal embeddings of certain
quadratic orders.
Definition 5.6. For any quadratic extension L = K(
√
D) of K (with
D ∈ K not a square) and any ideal d in OK let OD,d ⊂ OL be the
order with relative discriminant d, that is
OD,d =
{
t + u
√
D
2
∈ OK ,
∣∣ d|(u2D)
}
.
(Note that this definition does not depend on the choice of D modulo
squares in K∗.)
Lemma 5.7. Let Γ be a lattice derived from an order R in a quaternion
algebra A over K and let S = P∞ \ Ram∞(A). Let t ∈ OK and let
D = t2 − 4. Assume that D 6= 0, then
♯{{γ} ∈ Γ# : tr(γ) = ±ιS(t)} =
∑
d||(D)
m1(OD,d,R),
where the notation d||(D) means that (D) = df2 for f ⊆ OK an ideal.
Proof. Any γ ∈ Γ comes from the projection of ιS(α) for some α ∈ R1.
Note that both α and −α give the same element in Γ so we can count
the number of conjugacy classes in R1 with trace equal to t. For
α ∈ R1 let tα = trA(α) ∈ K and Dα = t2α − 4. When α is not in
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the center, L = K(
√
Dα) is a quadratic extension that embeds in A
via φα(
√
Dα) = 2α − tα. Let gα = {u ∈ L|∃x ∈ K, x + uα ∈ R} and
dα = g
2
αDα. Then dα, g
−1
α ⊂ OK are integral ideals (so dα||(Dα)) and
φα(ODα,dα) = R1 ∩ φ(L) is an optimal embedding (cf. [7, Lemma 4.2
and Proposition 4.3]). Now
♯{{α}|tr(α) = t} =
∑
d||(D)
♯{{α}|tr(α) = t, dα = d}
We thus need to show that
♯{{α}|tr(α) = t, dα = d} = m1(OD,d,R).
For any α with tα = t and dα = d we get an optimal embedding φα
as above (and conjugating α gives a conjugate embedding). On the
other hand, given an optimal embedding φ : OD,d → A we have that
α = φ( t+
√
D
2
) is the unique element in the image with trace tα = t and
dα = d. 
5.3. Proof of Theorem 6. Let Γ ⊂ PSL(2,R)n+1 be a lattice derived
form a maximal order R in a quaternion algebra A over a number
field K. This means that A is unramified in n+ 1 infinite places, that
we denote by S = {ν0, ν1, . . . , νn}. Further assume that n is even.
We can thus find another quaternion algebra A˜ such that Ramf(A˜) =
Ramf (A) and that Ram∞(A˜) = P∞ \ {ν0}. Let S˜ = {ν1, . . . , νn}. Let
Γ˜ ⊂ PSL(2,R) be a lattice derived from a maximal order R˜ ⊂ A˜.
Recall the correspondence between closed geodesics and conjugacy
classes. Each closed geodesic C in Σ0 corresponds to a conjugacy class
of some hyperbolic-elliptic γ ∈ Γ. Any such γ is the projection to
PSL(2,R)n+1 of ιS(α) for some α ∈ R1 with trace t = trA(α) ∈ OK
satisfying that |ινj(t)| < 2 for νj ∈ S˜. The embeddings ινj (t) ∈ R
correspond to the holonomy angles θC,j by |ινj(t)| = |2 cos(θC,j/2)|,
for j = 1, . . . , n. The additional embedding ιν0(t) satisfies |ιν0(t)| =
2 cosh(lC/2).
On the other hand, a closed geodesic in T 1M˜ corresponds to a con-
jugacy class of some hyperbolic γ ∈ Γ˜. Any such γ is the projection
to PSL(2,R) of ιν0(α) ∈ SL(2,R) for some α ∈ R˜1 and the length
of the corresponding geodesic satisfies |ιν0(trA(α))| = 2 cosh(lγ/2). Let
uγ ∈ PSU(2)n be the projection of ιS˜(α) ∈
∏
ν∈S˜R1ν ⊂ SU(2)n. For any
closed geodesic {γ} in M˜ = Γ˜\H we attache the conjugacy class of uγ
in PSU(2)n. Theorem 6 is thus equivalent to the following proposition:
Proposition 5.8. Let t ∈ OK. Then ιν0(t) ∈ tr(Γ˜) if and only if
ιS∞(t) ∈ tr(Γ) and |ιν(t)| < 2 for all ν ∈ S˜. Moreover, for any t ∈ OK
HOLONOMY OF CLOSED GEODESICS 35
such that ιν0(t) ∈ tr(Γ˜)
♯{{γ} ∈ Γ#|tr(γ) = ±ιS∞(t)} = 2n♯{{γ} ∈ Γ˜#|tr(γ) = ±ιν0(t)}.
Proof. Let t ∈ OK . Assume that ιS(t) ∈ tr(Γ) and that |ιν(t)| < 2,
∀ν ∈ S˜. Then there is α ∈ R1 such that t = trA(α). The quadratic
extension L = K(α) naturally embeds in A. Since we assume |ιν(t)| <
2 for ν ∈ S˜, then Lν = C for ν ∈ S˜ and hence L also embeds in A˜. Let
O = L ∩ R ⊂ OL. By definition, O is optimally embedded in R and
hence m1(O,R) > 0. By Proposition 5.5 we get that 2nm1(O, R˜) =
m1(O,R) so m1(O, R˜) > 0 as well and hence there is an optimal
embedding φ : O → R˜. We thus get that t = trA˜(φ(α)) ∈ trA˜(R˜1) and
hence ιν0(t) ∈ tr(Γ˜).
For the other direction, the same argument shows that tr(R˜1) ⊂
tr(R1) and since A˜ is ramified at any place ν ∈ S˜, then any t ∈ trA˜(R˜1)
satisfies |ιν(t)| < 2 for ν ∈ S˜.
Next, from Lemma 5.7 we can express the number of Γ-conjugacy
classes with tr(γ) = ±ιS(t) as a sum over ideals d|(D) of the quantities
m1(OD,d,R), where D = t2 − 4. By Proposition 5.5, for each of the
orders OD,d appearing in this sum we have
m1(OD,d,R) = 2nm1(OD,d, R˜),
implying that
♯{{γ} ∈ Γ#|tr(γ) = ±ιS(t)} = 2n♯{{γ} ∈ Γ˜#|tr(γ) = ±ιν0(t)}.

Remark 5.3. Taking the above correspondence into account, Theorem
2 implies that
1
πp(x)
∑
{γ}∈Γ˜#
lγ≤x
f(uγ) =
∫
f(u)du+O(πp(x)
−1/4),
where the integral is with respect to the Haar measure on PSU(2)n,
f ∈ C∞(PSU(2)n) is invariant under conjugation and πp(x) ∼ Li(ex) is
the number of primitive closed geodesic on M˜ with length bounded by
x. We note that such an equidistribution result holds in a much more
general setting. Let Γ˜ ∈ PSL(2,R) be any lattice and let ρ : Γ → U
denote a homomorphism with dense image in some compact group U .
To each closed geodesic {γ} on Γ˜\H attach the conjugacy class of ρ(γ)
in U . As the length of the geodesic grows the corresponding conjugacy
classes become equidistributed with respect to Haar measure. However,
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giving a rate of equidistribution in this case requires a spectral gap for
irreducible lattices in SL(2,R)×U which is not known in this generality.
6. Some applications
6.1. A Spectral Correspondence. The first application is a spec-
tral correspondence (that is a special case of the Jacquet-Langlands
correspondence) between Vm(Γ\G) and L2(Γ˜\H, ρm).
Retain the notation of section 5.3. Let m ∈ Nn and for each j =
1, . . . , n let ρmj denote the irreducible representation of PSU(2) of di-
mension 2m− 1. Let
ρm = ρm1 ⊗ · · · ⊗ ρmn ,
denote the corresponding |m|∗-dimensional representation of PSU(2)n.
Composing this representation with the homomorphism γ 7→ uγ gives
a representation of Γ, that we still denote by ρm. The character of this
representation is given by
χρm(γ) = tr(ρm(γ)) =
n∏
j=1
sin((mj − 12)θuγ,j )
sin(θuγ,j/2)
= Fm(θuγ ).
Let L2(Γ˜\H, ρm) denote the space of functions ψ : H→ C|m|∗ that are
square integrable on FΓ˜ and transform under Γ˜ via
ψ(γz) = ρm(γ)ψ(z).
For any σ ∈ {±}n let Vσm(Γ\G) ⊂ L2(Γ\G, σm) be as defined in (0.1).
We then have the following spectral correspondence:
Corollary 6.1. There is a 2n to one correspondence between the spec-
trum of
⊕
σ Vσm(Γ\G) and the spectrum of L2(Γ˜\H, ρm).
Proof. Let {ψk}∞k=0 be a basis for L2(Γ˜\H, ρm) composed of eigenfunc-
tions △ψk + λkψk = 0. With the parametrization λk = 14 + τ 2k , the
trace formula in this setting takes the form∑
k
h(τk) =
|m|∗vol(FΓ˜)
(4π)
∫
R
h(r)r tanh(πr)dr(6.1)
+
∑
{γ}
hyperbolic
lγp hˆ(lγ)Fm(θuγ )
2 sinh(lγ/2)
+
∑
{γ}
elliptic
h˜(θγ , 0)Fm(θuγ )
Mγp sin(θγ/2)
Recall the correspondence between conjugacy classes in Γ˜ and the or-
ders OD,d described in Lemma 5.7. For γ hyperbolic we have that
lγp = vol(Γγ\Gγ) = Reg(OD,d) is given by the regulator (see e.g. [2,
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Page 36]). For an elliptic element γ the group Γ˜γ ∼= O1D,d/{±I} is a fi-
nite cyclic group generated by γp and hence vol(Γ˜γ\Gγ) = 1Mγp =
2
#O1D,d
.
We can rewrite the sum over the hyperbolic conjugacy classes as
∑
{γ}
hyperbolic
lγp hˆ(lγ)
2 sinh(lγ/2)
Fm(θγ) =
∑
t∈OK
|ιν0(t)|>2
g(t)
∑
d|(t2−4)
Reg(OD,d)m1(OD,d, R˜),
and the sum over the elliptic classes as
∑
{γ}
elliptic
h˜(θγ , 0)
Mγp sin(θγ)
Fm(θuγ ) =
∑
t∈OK
|ιν0(t)|<2
g(t)
∑
d|(t2−4)
2m1(OD,d, R˜)
#O1D,d
,
where the function g : OK → R is defined by
g(t) =


hˆ(lγ)Fm(θγ)
2 sinh(lγ/2)
∃γ ∈ Γ˜, |tr(γ)| = |ιν0(t)| > 2
h˜(θγ ,0)Fm(θuγ )
sin(θγ/2)
∃γ ∈ Γ˜, |tr(γ)| = |ιν0(t)| < 2
0 otherwise.
Recall that 2 cos(θuγ ,j) = ινj (t) is determined by ιν0(t) so this is well
defined.
Now compare this to the hybrid trace formula for Vm(Γ\G) given in
Theorem 7’, that is,∑
σ∈{1,−1}n
∑
k
h(rk(σm)) + δm,12
nh(i/2)(6.2)
=
2n|m|∗vol(FΓ)
(4π)n+1
∫
R
h(r)r tanh(πr)dr +
∑
{γ}
′ lγphˆ(lγ)
2 sinh(lγ/2)
Fm(θγ)
+
∑
{γ}
′′ h˜(θγ0 , 0)Fm(θγ/2)
Mγp sin(θγ0/2)
From Proposition 5.8 the sum over the hyperbolic-elliptic and the el-
liptic conjugacy classes can be written as∑
t∈OK
|ιν0(t)|>2
g(t)
∑
d|(t2−4)
Reg(OD,d)m1(OD,d,R),
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and ∑
t∈OK
|ιν0 (t)|<2
g(t)
∑
d|(t2−4)
2m1(OD,d,R)
#O1D,d
respectively, with g(t) as above. From Proposition 5.5 for all orders
R appearing in the sum we have that m1(OD,d,R) = 2nm1(OD,d, R˜)
implying that
2n
∑
{γ}∈Γ˜#
hyperbolic
lγp hˆ(lγ)
2 sinh(lγ/2)
Fm(θγ) + 2
n
∑
{γ}∈Γ˜#
elliptic
h˜(θγ, 0)
Mγp sin(θγ/2)
Fm(θuγ )
=
∑
{γ}∈Γ#
hyperbolic−elliptic
lγp hˆ(lγ)
2 sinh(lγ/2)
Fm(θγ) +
∑
{γ}∈Γ#
elliptic
h˜(θγ0 , 0)Fm(θγ)
Mγp sin(θγ0/2)
.
Comparing the volumes of fundamental domains (given in [18, Chap-
ter IV Corollary 1.8]) we get vol(FΓ˜) = vol(FΓ)(4π)n . Consequently, after
multiplying (6.1) by 2n its right hand side equals the right hand side
of (6.2). We thus get the equality∑
σ∈{1,−1}n
∑
k
h(rk(σm)) + δm,1(2)
nh(i/2) = 2n
∑
k
h(τk).(6.3)
(Note that τ0 =
i
2
appears on the right hand side only when m =
(1, . . . , 1), in which case it also appears on the left hand side.) Since this
identity holds for all test functions this proves the correspondence. 
Remark 6.1. As there are 2n possible sign changes, this correspondence
suggests that actually the spectrum of L2(Γ˜\G, ρm) and Vσm are the
same for each σ. If we assume that hK = h
+
K , this follows from Theorem
4.
Remark 6.2. We remark that when taking m = (0, 1, . . . , 1), on one
side of this correspondence we just get the standard Maass forms for
the group Γ˜ ⊂ PSL(2,R), but on the other side we do not get Maass
forms but rather the hybrid forms corresponding to this weight. This
is very different from the case of quaternion algebras defined over Q
where Maass forms are lifted to Maass forms and holomorphic forms
are lifted to holomorphic forms.
6.2. Results on Hilbert modular groups. Next we prove analogous
results to Theorems 1 and 2 for Hilbert modular groups, that is, for
lattices of the form Γ = PSL(2,OK) with K a totally real number field.
These lattices are not cocompact, nevertheless, we can still get these
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results without using the trace formula in the non-compact setting (as
long as [K : Q] > 2).
Let Γ = PSL(2,OK) with K totally real with [K : Q] = n + 1 > 2.
This lattice is the lattice derived from the maximal order Mat(2,OK) in
the matrix algebra Mat(2, K). Let ν0, . . . , νn denote the infinite places
of K and let Γ˜ denote a lattice derived from a maximal order in a
quaternion algebra that is ramified in two infinite places {νn−1, νn}. We
then have a homomorphism γ 7→ uγ of Γ˜ into PSU(2)2 defined as in the
proof of Theorem 6. For any hyperbolic-elliptic γ ∈ Γ˜ let θγ,1, . . . , θγ,n−2
be the corresponding holonomy angles and let θγ,n−1, θγ,n denote two
additional angles corresponding to uγ ∈ PSU(2)2 (these last two angles
are only defined up to a sign). Just as in the proof of Proposition 5.8
there is a correspondence between Γ-conjugacy classes and Γ˜-conjugacy
classes which implies the following equality:
∑
{γ}∈Γ#
′ lγph(lγ)Fm(θγ)
2 sinh(lγ/2)
= 4
∑
{γ}∈Γ˜#
′ lγph(lγ)Fm(θγ)
2 sinh(lγ/2)
for any m ∈ Nn and any hˆ compactly supported, where in both cases
the sum is over the hyperbolic-elliptic conjugacy classes in the corre-
sponding lattice. Notice that the right hand side is exactly the expres-
sion appearing in the Hybrid trace formula on the space Vm′(Γ˜\G, ρm′′)
with m′ = (0, m1, . . . , mn−2), m′′ = (mn−1, mn), and ρm′′ is the repre-
sentation of Γ obtained from composing the corresponding irreducible
representation of PSU(2)2 with the map γ → uγ above. Using this for-
mula and following the same arguments as in the proofs of Theorems
1 and 2 gives the following result:
Corollary 6.2. Let Γ = PSL(2,OK) with K totally real with degree
[K : Q] = n+ 1 > 2. We then have for any f ∈ C∞((R/2πZ)n) that is
invariant under all sign changes∑
lγp<x
′
f(θγp) = 2
nLi(ex)µ(f) +O(e3x/4),
where the sum is over the primitive hyperbolic-elliptic conjugacy classes
in Γ.
Remark 6.3. In fact, we need only to assume that f is invariant under
sign changes in two of the coordinates. Even this weaker assumption
(and also the assumption [K : Q] > 2) can probably be removed. How-
ever, for this it seems that the non-compact trace formula is essential.
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6.3. Distribution of fundamental units. Another application is
a result on the distribution of fundamental units of orders in qua-
dratic extensions of number fields. Let K denote a totally real num-
ber field and let P∞ = {ν0, . . . , νn} denote the infinite places with
ινj : K →֒ R the corresponding embeddings. For any pair (D, d) with
D ∈ K∗/(K∗)2 and d ⊂ OK(√D) an ideal let OD,d ⊂ OL denote the
order with relative discriminant d (see Definition 5.6). For D satisfy-
ing that ιν0(D) > 0 and ινj (D) < 0 for j ≥ 1 the group of relative
norm one elements O1D,d is isomorphic to Z × Z/2Z. We say that
ǫD,d ∈ O1D,d is the fundamental unit of OD,d if ιν0(ǫD,d) > 1 and any
α ∈ O1D,d can be written as α = ±ǫkD,d for some k ∈ Z. For j ≥ 1
we have that ινj (ǫD,d) = e
iθj(D,d) lies on the unit circle and we de-
note θ(D, d) = (θ1(D, d), . . . , θn(D, d)) ∈ [−π, π]n. As a corollary of
Theorem 2 we get that after adding appropriate weights, these angles
become equidistributed with respect to the measure µ.
Corollary 6.3. Let R be a maximal order in a quaternion algebra A
defined over K with Ram∞(A) = ∅ (if Ram(A) = ∅ further assume
that [K;Q] > 2). Let f ∈ C∞(R/2πZ) be invariant under all sign
changes f(θ) = f(σθ). We then have∑
(D,d)
ι0(ǫD,d)≤T
m1(OD,d,R)f(θ(D, d)) = 2[K:Q]−2Li(T 2)µ(f) +O(T 3/2),
where the sum is over pairs (D, d) with D ∈ K∗/(K∗)2 satisfying that
ι0(D) > 0 and ιj(D) < 0, for j ≥ 1.
Proof. Let Γ ⊂ PSL(2,R)n+1 be the lattice derived from R, where
n = [K : Q] − 1. By Theorem 2 (or Corollary 6.2, for R a maximal
order in a matrix algebra) we have∑
lγp<x
′
f(θγ) = 2
nLi(ex)µ(f) +O(e3x/4).
(We recall that for these lattices there are good bounds for the spectral
gap.) Any primitive element γp is the projection of ιP∞(α) for some α ∈
R1. Let D = tr(α)2−4 and d = dα ⊂ OK be as in the proof of Lemma
5.7. Then α ∈ O1D,d and since we assume that γp is primitive, then
ǫD,d = ±α±1. Next note that 2 cosh(lγp/2) = |ιν0(tr(α))| = ιν0(ǫD,d +
ǫ−1D,d) so that ιν0(ǫD,d) = e
lγp/2. By the same argument we have that
eiθj(D,d) = ινj (ǫD,d) = e
±iθγ,j . Finally, for each optimal embedding of
OD,d in R we get two primitive conjugacy classes (corresponding to
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ǫD,d and ǫ
−1
D,d). We thus get that∑
lγp<x
′
f(θγ) =
∑
(D,d)
ι0(ǫD,d)≤ex/2
2m1(OD,d,R)f(θ(D, d)).
Setting x = 2 ln(T ) gives the result. 
For the case where R = Mat(2,OK), we can interpret the number of
optimal embeddings m1(OD,d,R) as the number of equivalence classes
of quadratic forms with discriminant D and primitive discriminant d
(cf. [2, Section 7]). In particular, Corollary 6.3 gives the asymptotic
growth of the number of classes of quadratic forms (that are indefinite
in one imbedding and definite in the rest) with corresponding funda-
mental units in a prescribed set.
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